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Abstract 

We apply an earlier formulated programme for quantization of nonabelian gauge 
theories to one-flavour chromodynamics. This programme consists in a complete re- 
formulation of the functional integral in terms of gauge invariant quantities. For the 
model under consideration two types of gauge invariants occur - quantities, which 
are bilinear in quarks and antiquarks (mesons) and a matrix- valued covector field, 
which is bilinear in quarks, antiquarks and their covariant derivatives. This covector 
field is linear in the original gauge potential, and can be, therefore, considered as 
the gauge potential "dressed" in a gauge invariant way with matter. Thus, we get a 
complete bosonization of the theory. The strong interaction is described by a highly 
non-linear effective action obtained after integrating out quarks and gluons from 
the functional integral. All constructions are done consequently on the quantum 
level, where quarks and antiquarks are anticommuting objects. Our quantization 
procedure circumvents the Gribov ambiguity. 

1 Introduction 

This paper is a continuation of [|lj and f2|. In |l| we have proved that the classical 
Dirac-Maxwell system can be reformulated in a spin-rotation covariant way in terms of 
gauge invariant quantities and in |2|] we have shown that it is possible to perform similar 
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constructions on the level of the (formal) functional integral of Quantum Electrodynamics. 
As a result we obtain a functional integral completely reformulated in terms of local 
gauge invariant quantities, which differs essentially from the effective functional integral 
obtained via the Faddeev- Popov procedure ||. In particular, it turns out that standard 
perturbation techniques, based upon a splitting of the effective Lagrangian into a free part 
(Gaussian measure) and an interaction part (proportional to the bare coupling constant 
e), are rather not applicable to this functional integral. On the contrary, our formulation 
seems to be rather well adapted to investigations of nonperturbative aspects of QED, for 
a first contribution of this type see ||. 

In this paper we show that our programme can be also applied to a nonabelian gauge 
theory, namely Quantum Chromodynamics with one flavour. As in the case of QED, 
we end up with a description in terms of a set (j ab , c^k L ) of purely bosonic invariants, 
where j ab is built from bilinear combinations of quarks and antiquarks (mesons) and c^k L 
is a set of complex-valued vector bosons built from the gauge potential and the quark 
fields. A naive counting of the degrees of freedom encoded in these quantities yields the 
correct result: The field 

■ab ig 

Hermitean and carries, therefore, 16 degrees of freedom, 
whereas c^k L is complex-valued and carries, therefore, 32 degrees of freedom. On the 
other hand, the original configuration (A^^ , ip^j carries 32 + 24 = 56 degrees of freedom. 
Thus, exactly 8 gauge degrees of freedom have been removed. The main difficulty in our 
construction comes, of course, from the fact that the quark fields are Grassmann-algebra- 
valued. Ignoring this for a moment, one can give a heuristical idea, how the invariant 
vector bosons c^k L arise: They may be considered as built from the gauge potential and 
the "phase" of the matter field, "gauged away" in a similar way as within the unitary 
gauge fixing procedure for theories of nonabelian Higgs type. (As a matter of fact, in 
our construction not only the "phase", but the whole matter field enters.) In reality, this 
simple-minded gauge fixing philosophy cannot be applied to Grassmann-algebra-valued 
objects. Instead of that one has to start (in some sense) with all invariants one can write 
down. Next one finds identities relating these invariants, which however — due to their 
Grassmann character — cannot be "solved" with respect to the correct number of effective 
invariants. But we show that there exists a scheme, which enables us to implement these 
identities under the functional integral and to integrate out the original quarks and gauge 
bosons. This is the main idea of the present paper. As a result we obtain a functional 
integral in terms of the correct number of effective gauge invariant bosonic quantities. 
Thus, our procedure consists in a certain reduction to a sector, where we have mesons 
j ab , whose interaction is mediated by vector bosons c^k l ■ 

We stress that our approach circumvents any gauge fixing procedure — and, therefore, 
also the Gribov problem, see || - [Q. The whole theory, including the pure Yang-Mills 
action is rewritten in terms of invariants. An important property of the effective theory we 
obtain is that it is highly non-linear. This is a consequence of integrating out quarks and 
gluons. Thus, as in the case of QED, it is doubtful whether perturbation techniques can 
be applied here. The natural next step will be rather to develop a lattice approximation 
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of QCD within this formulation. 

Finally, we mention that our general programme of reformulating gauge theories in 
terms of invariants has been earlier applied to theories with bosonic matter fields (Higgs 
models), both for the continuum case |J, |L0| and on the lattice fTT|| . 



The paper is organized as follows: In Section 2 we introduce basic notations and define 
gauge invariant quantities, built from the gauge potential and the (anticommuting) quark 
fields. Moreover, we prove some algebraic identities relating these invariants. In Section 3 
we derive basic identities relating the Lagrangian with these invariants. Finally, in Section 
4 we show how to implement the above mentioned identities under the functional integral 
to obtain an effective functional integral in terms of invariants. The paper is completed 
by two Appendices, where we give a review of spin tensor algebraic tools used in this 
paper, and present some technical points skipped in the text. 



2 Basic Notations and Gauge Invariants 

A field configuration of one-flavour chromodynamics consists of an SU(3)-gauge potential 
(t4 A j A ' b ) and a four- component colored quark field (ip A ), where A,B,...,J = 1,2,3 are 
color indices, a,b,... = 1,2,1,2 denote bispinor indices and = 0,1,2,3 spacetime 

indices. 

Ordinary spinor indices are denoted by K, L, ... = 1,2. The components of (ip A ) are 
anticommuting (Grassmann-algebra valued) quantities and build up a Grassmann-algebra 
of (pointwise real) dimension 24. 

The one-flavour chromodynamics Lagrangian is given by 



^ ^ -gauge £mati (2T) 



with 



f^gauge o^^ u A ^ B ; (2-2) 

o 

C mat = -m^P ab g AB '^ b B -lm{^p ab (^) b c g AB ' (D^b)} , (2-3) 

where 

Fuv A B = d^A uA B -d u A^ A B + ig [A„A u ] A B , (2.4) 

D,r A = d,r A + wA, A B r B (2.5) 

are the field strength and the covariant derivative. In contrast to standard notation, the 
bar denotes in this paper complex conjugation, g AB and fi a b denote the Hermitian metrics 
in color and bispinor space respectively and (7 M ) & C are the Dirac matrices (see Appendix 
A). The starting point for formulating the quantum theory is the formal functional mea- 
sure 
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where 

S[A^^}= I ^xC[A^^] (2.7) 



denotes the physical action. Here, the integral over the anticommuting fields -0 and -0 is 
understood in the sense of Berezin (||13||, see also t\M - [ITH1). To calculate the vacuum 



expectation value for some observable, i. e. a gauge invariant function 0[A,ip,ip], one 
has to integrate this observable with respect to the above measure. The main result of 
our paper consists in reformulating the measure T in terms of effective, gauge invariant, 
degrees of freedom of the theory (see discussion at the end of Section 4). 

Let us define the following fundamental gauge invariant Grassmann-algebra valued 
quantities: 

J ab := WX9 AB < (2-8) 

cf := r A g AB (D^ b B )-(D,r A )g AB iJ b B- (2-9) 

Obviously, J ab is a Hermitian field of even (commuting) type (of rank 2 in the Grassmann- 
algebra) : 

jab = r A g AB ^ h B = ^¥^r A = W B g BA n = J h \ (2.10) 

whereas the field C® b is anti-Hermitian: 



Cf = -Cl a . (2.11) 

We denote 

J 2 ■= J ab Pa Cbd J c \ (2.12) 
which is a scalar field of rank 4. Here we introduced 
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Moreover, for shortness of notation we define the following auxiliary invariants 

X 1 '■= 4 (3 bcef (3 ad [J^jbejcf + 2 jaejbfjcd} 

= 4 J-djbejcf ^ + 2 p bcd£ p af y ; (2.13) 



and 

which obey the identities 



B; b :=r A g AB (D^ b B ), (2.14) 



B*-&» = C; b , (2.15) 
Bf + Bf = , (2.16) 
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and consequently 



Bf = ^((d,J ab ) + C; b ), (2.17) 
Bf = \{{d»J* b )-Cf). (2.18) 



Proposition 1 The following identities hold 

= -4 (Cf + (d,J Cb )) (3 cf (j 2 J af + 2 (3 ghde J^jhfjae^ (2 lg) 

-8 (Cf + (d,J 9b )) cf (3 ghde (jhejcfjad + jcdjhfjae + jhdjcejaf^ 

Proof. To prove these identities we make use of the following relations: 

-ABC ^DEF _ gAD gBE gCF _|_ gAB ^BB ^CB _|_ gAF ^BB ^CB 

_^AB g BE g CD _ g AE g BD g CF _ g AD g BF g CE ? (2>20) 
^ABC ^r^^ 1 = ^ABB _|_ ^BCF g^A _|_ ^CAB g^B ^ ( 2 . 2 1) 

Using the symmetry properties of /3 ff fed e (see Appendix A) we first calculate 
X 2 B ab = X 2 g AB r A {D^ b B ) 

= ^PghdePcf {j cf J gd J he + 2J cd J° e J h f} g AB ^ A {D^ b B ) 
a a a ( CF GD HE , n CD GE HF\ n AB 

— ^PghdePcf \g g g +^g g g ) g 



x^ c ^r G KKr E rA(D^ b 



B) 

= 2 ^ ef {g CF g GD g HE + g CD g GE g HF + g CE g GF g HD 

- g CE g GO g HF _ gCF gGE gHD _ g CD g GF g HE^ g AB 

^%^Wg^dWhVe¥a^>M _ 
= 2 p ghde (3 cf e° GH e FDE g AB W c ^Wg^d~¥h^e¥a 

— OR a —CGH ( FDB AE , DEB AF , EFB AD\ 

— 2 Pghde Pcft { e g + e g + e 9 f 

^^F^Ki^r E n(D^ b B ) 

= 2 ^ /? c/ {2e CGB _ e FDB g AE + e GGH e DEB g AF ) 

= 2 p ghde (3 cf {2 ^ GZ W* + 2 s c W V s + 2 </ 
-2 g CB g GD g HF g AE - 2 <? C WV* - 2 g CF g GB g HD g AE 



CB GF „HD „AE 



5 



+g CD g GE g HB g AF + g CE g GB g HD g AF + g CB g GD g HE g AF 



- g CB g GE gHDgAF 



g CE g GD g HB g AF 



g CD g GB g HE g AF 



} 



= -4 P ghde j3 e f {2 Jcfj9djae B hb + 2 jcdjhfjae B gb 

| 2 fjgfsjhdfjae-Qcb _|_ rjcd rjge rjaj -^hb 

| ^y ce j'hd J'* 1 ? J^9^ _|_ ^J9^ J7^ e ^[ a f B c ^\ 
= -4 /5 C/ ( + 2 ^ J9djhfjae^ 

-8 /3 pWe /3 C/ (J h ej c fj" d + jcdjhfjae + jhdjcejaf^ 

Finally, inserting ( [2.17 ) we get (|2.19|) . 



Using the block representation of JT^ 6 and C^: 6 (see Appendix A), equation (2. 
to four equations, written down in terms of spinor indices: 



□ 
leads 



1TM 



C 



ill 



KM 



KM 



c 



ML 



SK M X 2 



Q(jf M 



(duJ M L ) Q(J) 



KM 



<d,J ML )Q(J) K M + (d,J KL )X 2 



Q(J)k M ) - (d,J ML ) Q{J)k M 



(d,J M L ) Q(J)km + (9,Jkl) X' 



C, M L 5k X 2 - Q(J) K M - (d,J M L ) Q(J) K 



-{d»J ML )Q{J) K M+(d»JK L )X 2 

C„. r I S K M X 2 — Q{J) K M 



M L \ M ^ W / Ml ~ (d»J ML ) Q(J) 

M \ n( <t\K , /a rrK \ V 2 



KM 



-(d,J M L )Q(J) K M + (d,J K L)X' 



(2.22) 
(2.23) 
(2.24) 



(2.25) 
(2.26) 



where 



M 



Q{J)k 



Q(jf M 



Q(J) 



KM 



M rr O 



O t rr A T M I o T V TlvM rr , q T« rr 111 rr 

0\ — J JK +^JO J JkN + 1 <~> N"JO JK 

I r) rr M rrNO rr , r> rr rrNM rr O , Q -tOM rr 

-r^JO J J uij -T ^ J nfjJ UK -r^J fjJ Ji 



'KN 

M 



'ON>- 

I rrN rrO rr M , rrO rrN rr M , 9 rrNM rrO rr \ 



KO 



rr2 rrK 

J J M 

rN 



9 7 « rr rrKO _|_ 7- O /7-JV /x 
£ J tsjJqmJ t^JO J M<J 



N 



in rrl\ rr rrKO J_ O rr rrNO rrK , rr N rr O rrK 

~~t£ U jyfU ON J ' *J OM*J *J N ' *JN 00 J M 



, o T <T O rrKN i rr N rr O rrK i r> rr rr O rrKN\ 

+^J NM Jo J + Jo Jn J m^ z Jom<Jn J ) 
8 ( - J 2 J KM + 2 J °J" M J K N + 2 J N N Jo M J KO 



(2.27) 



(2.28) 
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+2 Jo M J NO J K N + 2 J ON J NM J KO + 2 J N N J 0M J K (2.29) 

~T<J od nU t U qU jqd ~\- Z, J J q) 

+2 J N m Jq^Jk° + 2 Com^ N °^kn + >Jn N <Jo° <Jrm (2.30) 
+2 JnmJo Jk N + Jo N Jn° Jkm + 2 Jqm^n° Jk N )- 



Later on, two of these equations will be used to eliminate half of the C^ 6 -fields under the 
functional integral. One can show by a straightforward calculation that all components of 
the 2 x 2-matrices Q{J) K , Q(J) K m, Q(J) KM and Q(J) KM do not vanish identically. 
Finally, we note that 

Cf = 2igr A g AB ^ b c A,b° + {~¥a9 AB (d^ b B ) + ^ g AB ) , (2-31) 

which can be seen by inserting the covariant derivative (|2.5| ) into the definition of C ab . 

3 The Lagrangian in Terms of Gauge Invariants 

To reformulate the Lagrangian ( |2.1p in terms of the gauge invariants introduced above, 
we use the same ideas as in the case of QED (see 0). In particular, for the calculation 
of Cgauge we have to find a nonvanishing element of maximal rank in the underlying 
Grassmann-algebra. 

Lemma 1 The quantity (X 2 ) 4 is a nonvanishing element of maximal rank in the Grass- 
mann-algebra. 

The proof of this Lemma is technical and can be found in Appendix B. 

Next, let us introduce the following auxiliary variables convenient for further calcula- 
tions: 

V Cab := e ABC i> a A i> h B . (3.1) 
Moreover, we denote ip Aa = g AB tpB- 

Lemma 2 The following identity holds 

X 2 9 AB = Kh h e CGH WkW G %^ Ad V Bef {2 p ce (y) fd + (3 cd (r) f e}- (3.2) 



Proof. To prove (|3.2j ), we make use of ( 2.21| ) as well as V = V Cba and the symmetry 

Of Pghde'- 

X 2 g AB = Af3 ghde (5 cf {j cf J' jd J he + 2J cd J^J h f}g AB 

= 4/Wc/ {g CF g GD g HE + 2g CD g GE 9 HF } g AB %^MK^r E 



2 /W 0c f {g CF 9 GD g HE + 9 CD 9 GE g HF + 9 CE 9 GF g HD - g CE g GD g HF 

-9 CF 9 GE 9 HD ~ 9 CD 9 GF 9 HE ) 9 AB ^ f M<i%r E 

2(3 ghde (3 cf e CGH e FDE 9 AB ^Wg^U^^e _ _ 

2 (3 ghde (3 cf e CGH { e FDB g AE + e DEB g AF + e EFB g AD }%^ F W G ^U h H Pe 
KhHiYhePcfe 0011 {2e FDB g AE + e DEB g AF } %^ifiMP E 
T^ h e CGH WhW G Wc~{3cf {-fU 1 2 V B f d r E 9 AE + V Bde 4 g AF 



(l,) gh e CGH ^ r G % ^ V Bef {2 (5 ce (y) fd + fa (y) /e } 



□ 



Proposition 2 We have 

(* 2 ) 4 C 9auge = I (G^) ab (Gn cd e bc e da (3.3) 

with 

2 X 2 

( G ^)ab := e haf3cdefgbJ Cf J d9 {d {ll Cl\) 

+ £ha Pcdefgb Pklmnop J° J 9 J kn J l ° (3.4) 

x {{d {ll j^){d v] j mh ) - (d u] j mh ) + (d^j ep ) - cj? c%% 

where 

flabcdef '■= 2 {(3 a bdePcf + 2 PabefPcd + PbcdePaf + 2 PbcefPad + flcadeflbf + 2 PcaefPbd}- (3.5) 

Moreover, the matter Lagrangian C ma t takes the form 

C m at = -m (3 ab J ab - X - Im {/3 afe ( 7 ^) b c (<9 M JT C ) + /3 afe ( 7 M ) b c C£ c } . (3.6) 
Proof. To prove this Proposition we make use of identity ( |3.2| ): 



(X 2 ) A C 



gauge 



- 1 -{X 2 ) 2 (F, uAc g CB X 2 ) (F^ BD g DA X 2 ) 

~ {X 2 ) 2 (F, vAC T^ g e EFG W G ¥ F r E ^ e cm V Bab {2 (3 ea (7% + /3 ec ( 7 <%} 
x (F^(^6^ J ^^^^e rf "^{2^(7 5 )/, + ^(7 5 )^}) • 



A reordering of factors yields 



■ o(G,u) md e cm (Gn nc e dn , (3.7) 



where we introduced 

It remains to calculate (G^ v ) md . Using 

1 



we obtain 



F/xvACip = -(D [fl D u] ^ b A ] 
ig 



= I X 2 V Akl J^he HU ¥j¥iWh (D^D u] r A ) {l 5 hkld ) e am 
W 

w 

x {g HK g IL g JA + g HL g IA g JK + g HA g IK g JL }- 

In the last step the definition of V Cab and the identity ( |2.20| ) were inserted. Moreover, 
the antisymmetry in the color indices (/, J) and the symmetry in the bispinor indices 
were used. Changing the indices in each term of the above sum separately, the last 
equation gives 

(G,u) md = lx 2 g HK g IL g JA ^^j^ H {D { »D u] r A ) 

x {ihkld {ls)ii + likld {ls)jh + Ijkld {ls)hi } £am 

= — X 2 J hk J u ^g JA {D { ,D u] r A ) PhijHd eam, 
ig 

where fthijkid is given by equation (|3.5|). With ( |2.14| ) and ( |3.2| ) we get 

{G^) md = f g X 2 J hk J u {D { , (fj g JA (D u] r A )) - (DiM) 9 JA {D v] r A )} /W^ am 
o 

— — St J J lMu-D„l J Phijkld tarn 

ig 

— — X 2 g JA J hk T\D { ^Pj) (D u] r A ) Phijkld e am 

i g 

9 



9 

— A J J [JJ[ fJ ,tJ l> ]) Phijkld € am 

% 9 

--T^-^WgVfWe^ V A ° P {2(3 eo (Y%» + Pen (r)po} 

ig 

X J hk J il {D^j) (D u] r A ) Phijkld^am 

9 

y>2 rrhk rril I 7~> D«l\ Q 

— * J J \JJ\„rS i ) Phijkld tarn 

ig 1 

+ - J hk J u e EFG e BCA Wg¥f¥e^b r G ^ (D^Mte Phijkld e am l° eo 
9 

y>2 rrhk Tilly) TDia\ o . 

— St J J [J^\a-D u ] Phijkld ^am 

+ - J hk J U g EB g FC g GA %¥ F 'WE^B r C B^(D v] n) Phijkld Pefgbcn e am , 

% 9 



and, finally, 

2 

{G a v) md = —X J J % (d\pB^) Phijkld e am 

ig 

+ — J hk J tl J eh jf c B™3 B 9 J^ Phijkld Pefgbcn tarn- (3.8) 

The last step consists in the elimination of the auxiliary variables B ab . Inserting ( |2.17| ) 
and ( p,18|) into ( |3.8|) and renaming some indices we get Q3.4Q . Together with ( |3.7| ) this 
completes the proof of Q3.3|) . 

To show (|3T6| ) we simply insert the definition of J ab and B ab into C ma t- 

Cmat = -mWXPa b g AB ^ B -^{r A Pa b m\g AB {D^ C B)} 

= -mp ab j ab -\m{f3 ab {^) b c B a ;} 
Using again ( [2.17| ) to eliminate B^ b , we obtain equation ( |3.6|) . □ 
Remarks: 

1. Formula ( |3-3|) is an identity on the level of elements of maximal rank in the un- 
derlying Grassmann-algebra. Since the space of elements of maximal rank is one- 
dimensional, dividing by a non-vanishing element of maximal rank is a well-defined 
operation giving a c-number. Thus, knowing (X 2 ) 4 C gauge , we can reconstruct C gauge 
uniquely just dividing by (X 2 ) 4 . This means that Proposition 2 gives us the La- 
grangian in terms of invariants J ab and C ab . 



2. The additional algebraic identities ( |2.19| ), which are basic for getting the correct 
number of degrees of freedom, cannot be "solved" on the level of the algebra of 
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Grassmann-algebra- valued invariants. However, as will be shown in the next section, 
it is possible to implement them under the functional integral. This enables us to 
eliminate half the number of components of C™ 6 . The result will be an effective 
functional integral in terms of the correct number of degrees of freedom, see also 
the Introduction for a discussion of this point. 



4 The Functional Integral 

Now we start to reformulate the functional integral ( |2.6| ). For that purpose we will use 
the following notion of the ^-distribution on superspace 

/°° (—D n 
e 2mau-u) d £ = J2 ^-f- 5 (n) {u)U n , (4.1) 

n=0 U ' 

where u is a c-number variable and U a combination of Grassmann variables ip and 
with rank smaller or equal to the maximal rank. Due to the nilpotent character of U 
the above sum is finite. This (^-distribution is a special example of a vector-space-valued 
distribution in the sense of |T7| . From the above definition we have immediately 



1 = J 8{u-U) du. (4.2) 

One easily shows the following 
Lemma 3 For an arbitrary smooth function f we have 

f(u)5(u-U) = f(U)5(u-U). (4.3) 
The above observation leads to a technique, which frequently will be used in this section: 

f(a) 5(u - U) du = [ fla J *(« - U) 8(u - u) du du 

J V 9{ U )J 

( agijjy\ _ _ du ^ 

V 9{u) J 

Here, a denotes any c-number or Grassmann-algebra valued quantity and g(u) is an 
arbitrary smooth function of u, such that the rank of ag(U) is smaller or equal to the 
maximal rank of the underlying Grassmann-algebra. 

Now we introduce new, independent fields (j, c) associated with the invariants (J^ ab , 
C^ b ) in a sense, which will become clear in what follows. Both fields j and c are by 
definition bosonic and gauge- invariant; j = (j ab ) is a (c-number-valued) Hermitean spin 
tensor field of second rank and c = (c ab ) is a (c-number-valued) anti-Hermitean spin- 
tensor- valued covector field. We call (j,c) c-number mates of (J, C). 
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As mentioned earlier, equations 



( |2.25| ) can be used to substitute half the 



number of components of the covector field C" . We choose C^k as independent variables. 
Thus ( |2.24| ) and ( |2.25| ) can be used to eliminate all components in the diagonal blocks 
of C^ b (see Appendix A) . In the subspace of our bispinorspace, which corresponds to the 
elements of the off-diagonal blocks of the field C ab we choose the following basis elements 
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A basis in colorspace is given by the Gell-Mann-matrices t a , where a = 1 ... 8: 




Moreover, we denote 



X 2 = Aj ad j be ff {p bcef (3 ad + 2(J bcde p af } 
J 2 = 3 ab Pa Cbd j cd , 



(4.5) 



(4.6) 



(4.7) 
(4.8) 



(4.9) 



QU) 



M 



K 



■2- M, - O-NM- . , 9 -N . ■ M ■ O 

3 3k +^3o 3 3kn + z J nJo 3k 



12 



+2 Jo M f°J KN + 2 3 ON J NM jK° + 2 f N J OM J KO (4.10) 
+fof N 3K M + J° J N N JK M + 2j NM J° N J KO ) , 
QU) K m = 8(-ff M + 2f N j OM j KO + 2j f M j K N 

+2J N mJon3 K ° + 2Jom3 N °J K n + Jn N Jo°J K m (4.11) 
+2 j NM jo°J KN + Jo N Jn°J K m + 2 J mJn°J KN ) , 

Q(^ M = 8 ( - j 2 j™ + 2 Jo °f M j K N + 2j**jo M j*° 

+2 + 2 j /Y° + 2 j\f M j k 6 (4-12) 

, -O -KM I -O -JV -kMj_ -NM-d -K \ 

"tj 63 n3 J oj nj "t z j 3 nj d)i 
QU)km = 8 ( - ^.W + 2 f n3om3k° + 2 3o°f m3kn 

+2 fM3oN3K° + 2 3om3*°3kn + 3n N 3o°3km (4-13) 
+' 2 3nm3o 3k N + 3o N 3n°3km + 2 3om3n°3k N ^ ■ 

Proposition 3 TTie functional integral T in terms of the gauge invariant set (j, c) zs 
given fry 

JF = y JJdjdcK[i]e l5[i ' cl , (4.14) 

with the integral kernel 



6 4 _ (X 2 ) 4 
let 
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LT\A] — _^ V/V 1 , , , J>1&4&7&10 P&2&5&8&11 J>zb§bo l b V i 

\J\ det[Af(j) (j 2 ) 2 lC4C7Cl ° C2C 5 C 8 C H C C3C6C9Ci2 c 



X 



_r=l J 



and 



5[7,c] = j d 4 xC[j,c] , (4.16) 
the effective Lagrangian C[j, c] given by 

= ^^(G, u ) ab (Gn cd e bc e da -mP ab r b 

-\lrn{f3 ab (r) b c (d,r)+Pa b (r) b c c^} , (4.17) 
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where 



(G, 



VJab 



-\-— e R R Acf -dg -kn -lo 



(4.18) 



x {(^)(^ ,mfc ) - ci {d v] r h ) + (d^n cx - cjj c y } . 



•ep\ m/i _ ep mhi 



Moreover, among the quantities c° only the c^k (and their complex conjugate g = 

c ^k l ) are independent. The remaining quantities, c K i and c^ KL , have to be eliminated 
in ( l^.iTp due to the following identities: 



KL 



WOT 1 W{ [5 m n x 2 - Q(j) m n ) c, N L - (d, jNL ) Q(j) MN 
-(d,j N L )Q(j) M N + (d,j M L )x 2 } 

{Q{j)- 1 f M { (s M N x 2 - QU)m N ) c, n l - (d,j N L ) Q(j) M N 
-(d,j NL )Q(j) MN + (d, 3 M L )x 2 }- 



(4.19) 



(4.20) 



Proof. Using (|4.2j ) we can rewrite ( |2.6|) as follows: 

T = I J] # I] 11 dA e* S[A ^ ] 
J \[djdc8{j-J)5{c-C). 



x 



(4.21) 



Using Proposition 2, the first Remark after Proposition 2 and Lemma 3, we get under the 
functional integral £ = C[j, c). 

In a next step we integrate out the components in the diagonal blocks of the covector 
field c" b . We have 



5{c - C) 
= II H<~C?) 



(4.22) 



H=1...4 

a,b=l,2,i,2 



n 5 i c ^< L - °^ L ) s 



fi=l..A 

A',L = 1,2 



K 



K 



C M L Gfj, L 



5(< 



iiKL 



c, KL ) s 



KL 



a 



KL 



Using identites (|2.24j ) and (|2.25|) , together with flOD , we get 



II 6 ( c ,kl - C, KL ) 5 (c* L - C, 



KL 



K,L=1,2 
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II 6 ( c ,kl - (Qti)- l )KNQUf M c»Mi) s (V L - (QUrY N QU) N MC, 

=1..A 
,£=1,2 

II s ( c ,kl - (QU^kMJ)™^ 



ML 



/i=1...4 

iC,£=l,2 



xHc^-iQUrY^Q^NMC, 



-l\KN. 



ML 



n * 

/i=1...4 

A',L=1,2 



(oor 1 : 



NM 



xS 



-(d»J ML )Q(J) 



M 



N 



n * 

/j=1...4 

A',L=1,2 



(Qur 1 : 



KN 



xS 



c,r - (qu)-y n 



-(d,jM L )Q(j) N 



M 



II ^^i-coor 1 : 



KN 



/j=1...4 

A',L=1,2 



\NM 



xS 



-(d^Mt)QU) 

M 



5 N M X 2 -Q{J) N M )C, 



N 



M 



-(d,j M L )Q(jy\ I + (d,j N T )x< 



J ^ L) 
L 



(j)jsr M X 2 — Q{J)n M ^ CfiM 
- (d,J ML ) Q(J) NM + (d,J N L ) X 2 
Qti) 



5 N mX 



M j A 4 L 



-{d,j ML ) Q(jf M - (d,j M L ) QUf M + (d,f t ) x 



Sn m x 2 -QU)n m )c, m l 



{d,j ML )Q{3) N M + {d,3N L )x 2 
5 N m X 2 -QU) N m)c» M l 



(d,j M L ) QU) N M + (d,J N i) X 2 
Sn M X 2 -QU)n M ) c, m l 
-(d,J M L ) QU)n M - (d,j ML ) Q(j) NM + (d,j N L ) X 2 



In the last step we used the first two (5-functions of ( (4.22| ) to substitute C M L and C^m 
by its corresponding c-number quantities. {Q{j)~ x ) K fi and (Q(j)~ 1 ) KN denote the inverse 
of the 2 x 2 -matrices Q(j) NK and Q(j) NK , respectively, and x 2 is given by (|4.7|) . Now 
we can perform the integration over c KL and c^ KL , which yields 



T 
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X 



f n dc pK L dc/ L 5(c pK L -C pK L )5(c p K L -C/ L )e lS ^ c \ (4.23) 

J u=1...4 



where S[j,c) = S[j, c pK L , c p K L }. 

In a next step we integrate out the gauge potential A p a B ■ Observe, that A p a B enters 
JF only under the 5-distributions 5(c p k L — C p k L ) and 5(c p K L — C P K L ). Using ( p.31| ), we 
get 



T = 



x 



p=1...4 J 
a=1...8 

/ J] ^ P 5{c, p -y p a A m -f, p ^3))^ S[jA , (4.24) 

*/ ,, — 1 A 



where 



y p a := 2ig r A 9 AB Ac {e p ) a h (t a ) B c (4.25) 
is a non-singular 8 x 8 -matrix, and 

fM3) = {n9 AB (d^ b B)+A B g AB (d P WX)) (e P )a\ (4.26) 
which is a function of and ift only. Inserting 1 = J Yl a=1 8 dy p Q <5(?/p a — 3V*); where ?/ p a 

p— 1...8 

is the c-number mate associated with 3^°, under the functional integral we have 

S(c, P -y p a A pa -f pp (ij^)) = 8 (c^-yfyo^YeA^- fM3)) 

= s (c PP - y/y%(y l )\A pa - um^)) ■ 

Here {y~ 1 ) a „ denotes the inverse of the y p a . A simple calculation shows, that 

yj*yp = -^ 2 ng AB Ac(e p ) a b ^) B c Wb9 DE AF(en c d (t p ) E F 

= V ^^g AB ^ bB ^g DE i; dE -2^g AB ^ bE ^g DE i; dB ^ (e p ) a b {e°) c d 

= V ^J\J c d + 2J a d J\^ (e p ) a b (e°) c d 
= M(J) P a , 

where we have used the following property of the Gell-Mann-matrices: 

(?)b° (t p ) E F = -\s B ° 5e F + 2 5 B F S E C . (4.27) 
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A long, but straightforward calculation shows that M(J) p a is a non-singular 8x8 -matrix. 
Thus we obtain 

s^-yfA^-fMrf)) = 5{c, p -M(j);{ y - l ) a a A, a - fM3)) 

= 5 {c pp - M(J) p v {v- l T a A^ - fM3)) ■ 

Now, performing the transformation 

A, p = M(j) f ?(y~ 1 )\A pa , (4.28) 
the functional integral (|4.24|) takes the form 

t = /"n^n^ n dA ^ fu^su-s) [ n ww-yp*) 

J p=1...4 J J q=1...8 

p=1...8 p=1...8 

x / II dc^S^-A^-fM,^)) (dsAlMWSiy- 1 )*,])- 1 e* 

J fi=1...4 
p=1...8 

= /n^n^ n ^ /nw-^) [ n ^w-y, 

J u=1...4 J J q=1...8 



SMA 



x 



p=1...8 p=1...8 

I n dc ^ 5 (> - a* - )) det^-)^ det w gi 5b,c] • 



Now we can trivially integrate out and the auxiliary field y p a . We get 

^ = / n ^ n ^ / n <y ^ - ^ / n dc - det [3;<g elSb,cl 



p=i. 



It remains to calculate det [3^%]- A very long but straightforward calculation shows, that 
{J 2 ) 2 det \y u a\ is a nonvanishing element of maximal rank. Thus - due to Lemma 1 - 
there exists a nonzero real number a such that 

(J 2 ) 2 det[y\]=a(X 2 )\ (4.29) 

Inserting - due to ( [4.4| ) - an additional factor j Y[ dj S(j—j) under the functional integral 
we can write 

(i 2 ) 2 (7 2 ) 2 (X 2 ) 4 

det [y\] = ^U- det [y\] = ^U- det [y\] = a£r-L. (4.30) 

L ai (j 2 ) 2 {j 2 ) 2 (j 2 ) 2 



Now we can integrate out the auxiliary quantity j and obtain 



t = y n d ^ n d ^ jn^^su-j) 



(x 



2\4 



JS[j,c] 



det [M{j) p °\ (j 



2\2 
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where \ 2 an d j 2 are given by (|4.7|) and ( |4.8| ), respectively. The number a has to be 
absorbed in the (global) normalization factor, which - any way - is omitted here. 

The remaining gauge dependent fields ip and ip occur only in the ^-distributions. To 
integrate them out we use the integral representation (|4.1| ), i.e. we insert 



so -j) = / n dA ex p i 2m x - b ^ ab - r 

= [ dA jr ^ (-X ab J ah ) n . 

Observe that nonvanishing contributions will come from terms which are of order 12 both 
in if) and ip. We get 



r = j n^n^ / n^' dc 



(x 



2\4 



J S[j,c] 



det[M(j)/] (j 2 ) 2 
(2^) 12 Tab ,i2 



f TTdv'dc ^ U ^ e l s[j ' c] fVldX e 2 ™ Xj TT A h 

yii djdc i2! det[Mov](J 2 ) 2 yn dAe ii ^ 

12 



i=l 



r 12 

x 

J i=l 



Now we can integrate out ip and ^ using equation ( |B. 9| ). Replacing the factors X a b by 
corresponding derivatives yields 



F = j Y[djdcK[j]e iS ^ Jl[dX 



e 2ni \j 



where 



6 4 _ (X 2v; 
let 

12 



K\A\ V/V 1 , , , ,616467610 ,626568611 ,636669612 

12! det[M(j) °] (j 2 ) 2 lC4C7Cl0 C2C 5 C 8 C H C C3C 6 C 9 C12 c 



With 



I ndAe 2 -^ = 5(j) 

we can perform the integration over A, which finally proves the Proposition. □ 



We remark, that until now we considered only the "bare" functional integral fl2.6p . 
To calculate the vacuum expectation value for some observable, one has to insert this 
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observable, i.e. a gauge invariant function 0[A, ip,p\, under the above integral. With the 
tools given in the last sections we see, that this function can be written down in the form 
O = 0\C ab , J ah \. Our method of changing variables used in the proof of Proposition 2 
works in the same way for vacuum expectation values of observables of this type, yielding 
an additional factor 0[c^,j ab }. This shows that, indeed, we are dealing with a reduced 
theory: vacuum expectation values of baryons (trilinear combinations of quarks) can - in 
general - not be calculated using the above functional integral. Only certain combinations, 
namely - roughly speaking - such, which are expressable in terms of the j-field, may be 
treated this way. This is due to the fact that there exist certain identities relating bilinear 
combinations of quarks and antiquarks at one hand and trilinear combinations of quarks 



and their complex conjugates on the other hand, see formula (D.7) of [12 



A Spinorial structures 

Since we are going to work with multilinear (and not only bilinear) expressions in spinor 
fields, the ordinary matrix notation is not sufficient for our purposes. Therefore, we will 
have to use a consequent tensorial calculus in bispinor space. For those, who are not 
familiar with this language we give a short review of its basic notions. A bispinor will be 
represented by: 

/ ^ \ 

[ A* 



(A. 1) 



where (fi K is a Weyl spinor belonging to the spinor space S = C 2 , carrying the fundamental 
representation of SL(2, C). Besides S we have to consider the spaces S*, S and S*, where 
* denotes the algebraic dual and bar denotes the complex conjugate. All these spaces 
are isomorphic to S, but carry different representations of SL(2, C). In S* acts the dual 
(equivalent to the fundamental) representation and in S acts the conjugate (not equiv- 
alent) representation of SX(2,C). The space S is equipped with an SL(2, C)-invariant, 
skew-symmetric bilinear form €kl- Since it is non-degenerate, it gives an isomorphism 
between S and S*\ 

S 3 (4> K ) -> (0l) = {<t> K e KL ) E S*. (A. 2) 

There is also a canonical anti-isomorphism between S and S given by complex conjugation: 



S 3 (<!>") » (0*J = (0*J e S. (A. 3) 

Finally, the conjugate bilinear form e^L gi ves an isomorphism between S and S*: 

S3 L K ) »{<p L )= (<P*e ki ) eS*. (A. 4) 
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To summarize, we have the following commuting diagram: 



S 
i 

s* 



s 

i 

s* 



(A. 5) 



Formula ([A. 1|) means that a bispinor is an element of S := S x S*, carrying the product 
of the fundamental and the dual to the conjugate representation of SX(2,C). We also 
consider the complex conjugate bispinor 



( ^ \ 
V $2 ) 



(A. 6) 



belonging to the conjugate space S = S x S*. The tensor product of 6kl and — e KL defines 
a skew symmetric bilinear form e a b on S, which in turn gives an isomorphism between S 
and S*: 

«53(f)^W = (fe o6 )e5*, (A. 7) 

with 



/ 



tab 



\ 











_ e kL 



(A. 8) 



We choose the minus sign in the lower block, because lowering the bispinor index f a — 
(| K, I K) according to ( |A. 7[ ) means lowering K and rising K. But rising an index needs 
— e, because we have 



LM 



-8, 



M 



e kL <r~ = -Ok" . (A. 9) 

The natural algebraic duality between S and S = SxS* = S*xS defines a Hermitian 
bilinear form (3 a b given by 



K 



(A. 10) 



Thus, 



( 







8k L 







V 





(A. 11) 
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(We stress that a and b are different indices: | a — (I K, | K) is a conjugate index 
corresponding to iS and | 6 = (J, L, f L) is an index from S.) The relations between spin 
tensors and space time objects are given by the Dirac 7-matrices, which we use in the 
chiral representation 



r 






a* 








with 

In index notation we have 
and 
with 

~»MN = _ e MK ^r— e LN = e MK £ iVL - M f = £ MK £ 7VL ^ 



a» = -ea fi e = (l,-a k ) 



0* = (°*kl) > 



L/C 



fxNM 



(A. 12) 

(A. 13) 
(A. 14) 
(A. 15) 

(A. 16) 



Finally, we get 



/ 






a ^LK 


° KL 






(A. 17) 



where | a — (f K, I K) and { b — (J, L, f L). After pulling down the first index by the 
help of e ac , where I c = (j M, f M), we get 



ft c ac 



/ 









i 





V 





\ 



(A. 18) 



/ 

which is a symmetric bilinear form, because 

Vfl) l\ h V>(2) = ¥> (2) £ + </>(l)M 0f 2 ) • 



(A. 19) 
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The complex conjugate quantity is given by 



( 







° M 







\ 





(A. 20) 



We also use the following spin tensor 

Pabcd 



[j, Jed 



(A. 21) 



Obviously, this tensor is symmetric in the first and in the second pair of indices seperately. 
We see from (|A. 19|) and ([A. 20|) that it vanishes, whenever a and b or c and d are of the 
same type (both dotted or both undotted). Thus, the only nonvanishing components are 



LM 

k n 



(3 



L M 
K N 



P 



L M 
K N 



P 1 



kN 



-0 K N 



(A. 22) 



Finally, observe that second rank spin tensors have a natural block structure. In partic- 
ular, for the invariants considered in this paper we get: 



J 



ab 



V 



jKL 


1 


Jk L 





\ 



(A. 23) 



where J KL , J Kt , J K L and J K L are Hermitean 2 x 2 -matrices. Analogously, 



/ 



c: 



ab 





n k 

°M L 


Cfj,K L 


^fiKL 



(A. 24) 



B Calculation of (X 2 ) A 

Obviously (X 2 ) 4 is an element of maximal rank in the Grassmann-algebra, that is 

(* 2 ) 4 = c ii^n^ (b- 1 ) 
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To prove that it is nonzero it remains to calculate the number c G C and to show, that 
0. From (|B. 1|) it follows by integration that 



Using the definition of X 2 we have 

4 

(* 2 ) 4 = J] 4 { j^rj br e rJCr f r + 2J a ^ r J b ^J c ^)p brCrerfr f3 ardr . 

T = l 

Inserting this into (|B. 2j) we can decompose c into a sum 



with 



c = ci + c 2 + c 3 + c 4 + c 5 , (B. 3) 



Cl 



c 2 



/■ 4 

4 4 /n ^j^j^/w^/u, 

^ r=l 
1 4 

— - 6 4 (4!) 3 4 4 /? QrV P brjr P Crkr ) 

\ •) r= i 

v ■ • , • ■ , • , , t r d i d i e 3f2 A 2 e 1 e 4 f 3 d 3 e 2 f 1 f 4 

* t «l«4j3K2 t «2jU4«3 C «3j2«lK4 t t C 

«4 ,<4 jjixjxkx jji232k2 jjiijikz jjiij4k4, 
° ^ ^ei/ldl U e 2 / 2 <i 2 U e 3 /3d 3 ^e 4 / 4 d4 

V <r. . . , c. . . , «r. . , , f d \ d lZZ$2 ^ d 2eie 4 f 3 As^flfi l\\ A\ 

^ c «li4J3K2 c «2JlJ4K3 c «3J2KlK4 c c c I V^ - V 

2 4 4 4 / J] J^J^J^fo^frPordr J] d ^ II ^ 
^ r=l 

— p.4 r>4 aA Trhjiki Tj-i 2 j 2 k2 Tjhjik-j, jjiijiki 

— ° Z ^ U ei /idi U e 2 /2d2 U e 3 / 3 rf 3 U e 4 / 4 d4 

y ,r. . . , <r- ■ ■ , • , , e d l d 4 e 3h c&eiZih A^flfi m C\ 

A t «l«4j3K2 C «2jlj4fc3 C i 3 .72KlK4 t t C , I^J-). 

= 2 4 c 1; 

3 

c 3 = 2 3 4 4 / l[j a ^J b ^J c ^(3 brCrerfr f3 ardr 

X J^j^jce, /W/4 II ^ II ^ 

— «4 o3 ^4 rrnjifci 7-7-42^2^2 jjhjzkz jjiijiki 

— U Z ft U ei/ldl ^ e2 / 2d2 L'ea/gds U e 4 / 4 d4 

v . . , «r- ■ • , c. . . , tAxhesh f d 2eid 4 f 3 d 3 e 2 /ie 4 /t> r\ 

A C iH4j3«2 C «2jlj4fc3 t *3j2Klfc4 C C C ! l J - > - U J 

C4 = w./n^^^ 



r=l 
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r 2 

/ n J asfs J bada J caea fosc a e afB (3a ada n 1 ' ri 1 ' 

J s=l 



M r>2 aA n Tfhjlkl TTl232k2 Tjizh k Z Tjiijiki 
U Z ^ U ^ei/idi °e 2 /2<i2 ^ea/arfs ^4/4^4 



X ^ilUj3 k 2 e «2ili4fe3 e «3i2fclfc4 C 

3 



dlfidzfz ^e^die-j, £ /3e2/ie4 



;b. 7) 



C 5 = 2 5 4 4 ff[j ttrfr J brdr J erer P brCr erfrl3ard r 
J r=l 

— «4 q5 ^4 rrililfel Tjiljzki jjisjafo rriijiki 

— O Z ^ U ei/idi ty e2/ad2 C7 es/3d3 U e4/4d4 

v ^ , «r , ,r , , Jt&l&zei ,/2cZie 4 e 3 /3<feei/4 

^ C «1«4J3K2 c «2JlJ4K3 c «3J2felK4 c c c 5 



(B. 8) 



where 



Here we made use of the following equation 

n ^ n ^ ft ^ = ^ n ^ e e ^ 5 ^ 

^ r=l cr 

^dcr-^dcr ^du^ ^**<7"g ■■■**<7"g ^r^cg ••• **0"12 



r=l 



(B. 9) 



where the sum is taken over all permutations. To prove this formula we observe, that both 
sides do not vanish, iff every spinor index occurs exactly three times in the multi-indices 
(c r ) and (d r ). Furthermore, both sides are symmetric with respect to every simultaneous 
transposition of two pairs of indices, e.g. (c r ,d r ) and (c s ,d s ). Therefore, the indices c r 
may be ordered on both sides. After having done this, the above formula can be checked 
by inspection. 

To prove ( B. 4| ) - (|B. 8|) we note that only such terms give a nonvanishing contribution, 
for which all indices within every e-tensor are different. The number of such permutations 
is 6 4 (4!) 3 and it is easy to see that all of them give the same contribution. Therefore, we 
can replace the sum over all permutations by a concrete representation multiplied by the 
number 6 4 (4!) 3 . 

The next step is to perform the sum over all indices in ( |B. 4j ), ( |B. 5| ), ( |B. 6| ), ( |B. 7| ) 
and ( |B. 8j ). A lengthy but simple tensorial calculation gives 



Cl 


= 4 4 


6 4 


2 7 


3 2 




2 19 3 6 , 


c 2 


= 4 4 


6 4 


2 4 


2 7 


3 2 


= 2 23 3 6 , 


C3 


= 4 4 


6 4 


2 3 


2 4 


3 3 


= 2 19 3 7 , 


c 4 


= 4 4 


6 4 


2 3 


2 3 


3 3 


5 = 2 18 3 7 5, 


c 5 


= 4 4 


6 4 


2 5 


2 4 


3 3 


= 2 21 3 7 . 
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Taking the sum we get 

c = 2 18 3 6 79. 



□ 
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